
HOMEWORK 1: TOPOLOGY 1, SPRING 2022

DUE FEBRUARY 14

All answers should be given with proof. Proofs should be written in complete sentences and
include justifications of each step. The word show is synonymous with prove. This assignment
has four problems and two pages.

(1) Open, closed, quotient. Let f : X → Y be a continuous map. We say that f is open if
f(U) is open whenever U is open (resp. closed, closed, closed).
(a) Suppose that f is surjective. Show that, if f is either open or closed, then f is a

quotient map.
(b) Give an example of a quotient map that is neither open nor closed (see Munkres

2.22.3 for a spoiler).
(c) Show that the product of two open maps is open. Conclude that the projection

X × Y → X is open.
(d) Show that the projection X × Y → X need not be closed (hint: take X = Y = R

and consider the graph of xy = 1). Conclude that the product of two closed maps
need not be closed.

(2) Two views of the torus. In this problem, the standard topology on the circle S1 is defined
by viewing S1 as the subspace {z : ‖z‖ = 1} ⊆ C, and the standard topology on the torus
T 2 = S1 × S1 is the product topology. The purpose of this problem is to show that the
standard topology on the torus coincides with the “Pac-Man” quotient topology from
from the unit square.
(a) Show that the standard topology on S1 coincides with the quotient topology induced

by

q : R→ S1

r 7→ e2πir.

(b) Use (1c) to show that q × q is a quotient map (warning: quotients and products do
not interact well in general).

(c) Show that the quotient topology induced by q×q coincides with the quotient topol-
ogy induced by q|[0,1] × q|[0,1], as considered in class (warning: quotients and sub-
spaces do not interact well in general).

You may rely on illustrations for parts (a) and (c), provided these illustrations are clearly
explained and extremely convincing.

(3) Boundaries. Let A ⊆ X be a subspace.

(a) Show that Å and ∂A are disjoint and that their union is A.
(b) Show that ∂A = ∅ if and only if A is “clopen,” i.e., both closed and open.
(c) Show that A is open if and only if ∂A = A \A.
(d) If A is open, does it follow that A is the interior of A?
This problem is Munkres 2.17.19.
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(4) Hausdorff spaces. A space X is called Hausdorff if any two points in X can be separated
by open sets, i.e., given x, y ∈ X, there are open sets U, V ⊆ X such that x ∈ U , y ∈ V ,
and U ∩ V = ∅. This condition is a mild one satisfied by most reasonable spaces. You
should start by drawing a picture of the definition to get a feeling for it.
(a) Show that, if X is Hausdorff, then {x} is closed for every x ∈ X.
(b) Show that X is Hausdorff if and only if the diagonal subspace ∆ := {(x, x) : x ∈

X} ⊆ X ×X is closed (Munkres 2.17.13).
(c) Show that a product of two Hausdorff spaces is Hausdorff (Munkres 2.17.11).
(d) Show that a subspace of a Hausdorff space is Hausdorff (Munkres 2.17.12).
(e) Show that, if A ⊆ X is a subspace and f : A→ Y a continuous map to a Hausdorff

space, then f admits at most one extension to a continuous function g : A → Y
(Munkres 2.18.13).

Support and spoilers for this problem can be found in Section 2.17 of Munkres.


