
HOMEWORK 3: TOPOLOGY 1, SPRING 2022

DUE APRIL 20

All answers should be given with proof. Proofs should be written in complete sentences and
include justifications of each step. The word show is synonymous with prove. This assignment
has five problems and two pages.

(1) Local constancy and covering spaces. Let B be a topological space. We say that a
function f defined on B is locally constant if, for every b ∈ B, there is an open set U ⊆ B
containing b such that f |U is constant.
(a) Show that, if f is locally constant and B is connected, then f is constant.
(b) Let p : E → B be a covering map such that (for convenience) p−1(b) is finite for

every b ∈ B. Show that the function f : B → N defined by f(b) = |p−1(b)| is locally
constant.

(c) Retaining the assumptions of (1b), show that, if B is connected, then there exists
k ∈ N such that |p−1(b)| = k for every b ∈ B.

In this last situation, the covering space is called a k-fold covering. This problem is
partly Munkres 9.53.3.

(2) Covering maps and homeomorphisms. Let p : E → B be a covering map.
(a) Show that, if E is path connected and B simply connected, then p is a 1-fold

covering.
(b) Show that every 1-fold covering is a homeomorphism.
This problem is mostly Munkres 9.54.8.

(3) Some fundamental groups. Without using the Seifert–van Kampen theorem, decide
whether the fundamental group of each of the following spaces is trivial, infinite cyclic,
or non-Abelian. Justify your answer.
(a) The solid torus D2 × S1.
(b) The punctured torus T 2 \ {(1, 1)}.
(c) The cylinder S1 × [0, 1].
(d) The twice-punctured plane R2 \ {(0, 1), (0,−1)}.
(e) The space of vectors in R2 of length strictly greater than 1.
(f) The space of vectors in R2 of length at least 1.
(g) The space of vectors in R2 of length strictly less than 1.
(h) The union in R2 of the unit circle and the positive x-axis.
(i) The union in R2 of the unit circle and the half-plane {(x, y) : x ≥ 0}.
(j) The union in R2 of the unit circle and the x-axis.

This problem is mostly Munkres 9.58.2, although our notation differs.

(4) Free products. Let G1 and G2 be nontrivial groups, and define G = G1 ∗G2.
(a) Show that G is non-Abelian.

Given g ∈ G, define the length of g, denoted `(g), to be the length of the unique reduced
word in G1 and G2 representing g.
(b) Show that, if `(g) > 0 is even, then g does not have finite order.
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(c) Show that, if `(g) > 1 is odd, then g is conjugate to an element g′ such that
`(g′) < `(g).

(d) Show that, if g ∈ G has finite order, then g is conjugate to an element of G1 or an
element of G2. When does the converse hold?

This problem is Munkres 68.2.

(5) Maps to the circle. Recall that a continuous map is called nullhomotopic if it is homotopic
to a constant map.
(a) Show that, if n > 1, then every continuous map f : Sn → S1 is nullhomotopic (hint:

think about covering spaces).
(b) Show that, if n > 1, then every continuous map f : RPn → S1 is nullhomotopic.
(c) Find a continuous map f : T 2 → S1 that is not nullhomotopic (prove it).

This problem includes Munkres 79.1 and 79.2.


